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similar to Gleason’s characterization that the extremally disconnected spaces are projective for 
the class of compact spaces. An equivalence is established between the questions of whether every 
basically disconnected space is embeddable into an extremally disconnected space and the Bore1 
lifting problems for the category algebras of generalized Cantor cubes. We study an inductive 
method of strengthening the product topology on the Cantor cubes to extremally disconnected 
topologies and use this to establish, from CH, that every compact F-space of weight c+ embeds 
into an extremally disconnected space. 
Keywords: Extremally disconnected, basically disconnected, subspace 
AMS (MOS) Subj. Class.: Primary 54GO5; secondary 54C25, 54D80. 
1. Introduction 
There is currently no satisfactory characterization of the class of compact sub- 
spaces of extremally disconnected (ED) spaces. Two well-known classes of related 
spaces are the basically disconnected (BD) spaces and the O-dimensional F-spaces. 
Louveau [lo] showed that if CH holds then every compact O-dimensional F-space 
of weight at most c embeds into the ED space PN. It is easily seen that every 
compact subspace of an ED space is a O-dimensional F-space. By Stone duality, it 
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is easily seen that BD spaces are related to ED spaces; the former are dual to the 
class of cr-complete Boolean algebras and the latter are dual to the complete Boolean 
algebras. In addition, topologically, it is easily seen that a P-set in an ED space is 
a BD space. 
An early conjecture of Choquet-that the class of compact subspaces of ED 
spaces coincided with the class of compact O-dimensional F-spaces-was shown to 
be consistently false in [12]. It is well known that not every compact subspace of 
an ED space is BD (e.g. w*) but it is still natural to ask if every BD space can be 
embedded into an ED space (as in [8] and called the BE problem in [12]). However 
this is shown to be consistently false in [5] by the techniques developed in this 
paper. We are still left with the problems of determining, in ZFC, as seems likely, 
whether BE is false (BE [12] is the statement “every BD space can be embedded 
into an ED space”) and the closely related problem of whether FB is false (again, 
[ 121, FE is the statement “every compact O-dimensional F-space can be embedded 
into a BD-space” (also consistently solved in [12])). 
In this paper we in fact do find a characterization of the class of compact subspaces 
of ED spaces. We shall show that it is useful but we are not suggesting that it is 
“satisfactory” since it is not an internal characterization. It is the property of being 
“projective” with respect to the class of absolute retracts. By applying this to the 
BE question, we find an equivalent formulation which makes the question much 
more concrete. This involves the retracts. Since retracts are dual (as in Stone) to 
“liftings”, as an application we can adapt Mokobodski’s result to show that if CH 
holds, then every O-dimensional F-space of weight at most w2 embeds into an ED 
space, thus improving the result of Louveau. 
2. Definitions 
For a space X, CO(X) denotes the (Boolean algebra) of all clopen subsets of X. 
An open subset U of X is regular open if it is equal to the interior of its closure, 
i.e., U = int cl U = X\(X\ 0). The set of all regular open subsets of X is denoted 
RO(X); it forms a Boolean algebra but the operations are not the usual set theoretic 
(see [9, Vol. l] or the remark following Theorem 4.4). 
Definition 2.1. A space X is ED if any of the following hold: 
(1) the Boolean algebra of clopen sets, CO(X), is complete and forms a base 
for the topology; 
(2) CO(X) is equal to RO(X); 
(3) 0 is open for all open U; 
(4) /3X is ED. 
One fact we will use about ED spaces is the following. If X is ED and Y c X is 
dense, then every open subset of Y has clopen closure in X. Indeed, let C be a 
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open subset of a dense set Y. Then C is dense in U = X\ Y\C. By the above, C = I!? 
is clopen in X. It follows that Y is ED and that PY = PX (more precisely, Y is 
C*-embedded in PX). 
Definition 2.2. A space X is BD if any of the following hold: 
(1) CO(X) is a base and is cr-complete; 
(2) 0 is clopen for all cozero sets U; 
(3) every zero set of X has clopen interior; 
(4) /3X is BD. 
Recall that a space X is strongly O-dimensional if its tech-Stone compactification, 
PX, is O-dimensional. All BD spaces (and ED spaces) are strongly O-dimensional. 
However there are O-dimensional F-spaces which are not strongly O-dimensional. 
Definition 2.3. A space X is a strongly O-dimensional F-space if any of the following 
hold: 
(1) CO(X) is WCC and is a base for the topology (WCC means that it contains 
no (w, w *)-gaps); 
(2) if U and V are disjoint cozero sets there is a clopen C such that U c C and 
Cn v=0; 
(3) pX is a (strongly) O-dimensional F-space. 
Definition 2.4. A space X is a P-space if every G6 is open. A set K in a space X 
is a P-set if every G,-set containing K is a neighbourhood of K. If X is compact 
O-dimensional, then K is a P-set if and only if the ideal {U E CO(X): U n K = 0} 
is a-complete. 
Definition 2.5. We shall let k-ED refer to the class of compact subspaces of ED 
spaces. Notice that by Definition 2.1, k-ED is also the class of closed subspaces of 
compact ED spaces. 
Definition 2.6. A compact space E is projective with respect to X if whenever g is a 
surjective map from a compact space Y onto X and f is any map from E into X, 
there is a map h from E into Y so that g 0 h =J: 
We say that E is projective with respect to a class 0 if it is projective with respect 
to every member of the class. 
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Recall that every compact ED space (and only these) is projective with respect 
to the entire class of compact spaces. For a compact space X, E(X) denotes the 
Gleason or projective cover of X. It is simply the Stone space (the space of ultrafilters) 
of RO(X), i.e., E(X) = S(RO(X)). In general, if B is a Boolean algebra and b E B, 
then 
b*={%ES(B): bE %}E CO(S(B))= B. 
There is a canonical mapping from E(X) onto X, which we will denote as cp-it 
is the unique function such that q-‘(x) is the set of ultrafilters on RO(X) which 
converge to x, i.e., for U E RO(X), cp[ U*] = I? where u is the closure of U in X. 
Definition 2.7. A subspace K of a space X is a retract of X, if there is a retraction 
f from X to K, i.e., f(x) =x for all x E K. K is an absolute retract of X, an AR of 
X, if every subspace of X which is homeomorphic to K is a retract of X. A space 
K is an absolute retract of a class G, an AR of 6, if it is an AR of every member 
of 6. 
Let us record the following well-known facts. 
Proposition 2.8. (1) A space K is a retract of I” (respectively of 2”) ifand only ifK 
is an absolute retract of the class of Tychonojf spaces (respectively O-dimensional 
spaces). 
(2) A space K is an AR (of O-dimensional spaces) if and only if for every (O- 
dimensional) space X and map f from a compact subset of X into K, there is an 
extension off to all of X. 
3. Compact subspaces of ED spaces 
We begin with a simple characterization of the class k-ED. 
Theorem 3.1. The following are equivalent for a compact O-dimensional space X. 
( 1) X is in the class k-ED. 
(2) X is projective with respect to the class of absolute retracts. 
(3) X is projective with respect to the class of absolute retracts of Q-dimensional 
spaces. 
Proof. The fact that (1) implies (2) is simply proven by combining Proposition 2.8 
with the fact that each compact ED space is projective. Indeed, let X be a subspace 
of a compact ED space E and let g be a map from a space Y onto an AR, K. Also 
let f be any map from X into K. We must show that there is a map, h, from X into 
Y such that f = g 0 h. Since K is an AR, by Proposition 2.8, f lifts to a map f’ from 
E into K. Since E is projective, there is a map h from E into Y such that f’ = g 0 h. 
Naturally the required map is the restriction of h to X. 
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Now suppose that X is as in (3). Let f be any embedding of X into 2” and recall 
that there is a canonical map, cp, from E(2”) onto 2”. Consider the diagram: 
E(2”) 
h J1 P 
X-2” 
I 
Since 2” is an AR in the class of O-dimensional spaces, X is projective with respect 
to 2”. Therefore, there is a map h as given from the definition. Since f is injective, 
so, too, is cp 0 h. Therefore h is an embedding. 0 
One application of the above theorem is Corollary 3.3 which shows that any space 
which is k-ED will embed into an ED space with smallest possible weight. Another 
similar application is the following answer to a question posed in [14]. 
Corollary 3.2. If f is any embedding of a k-ED space X into 2” (for any K), then f 
“ltfts” to an embedding h of X into 2”, i.e., there is an embedding h of X into E(2”) 
such that f = cp 0 h. 
Proof. Since X is projective with respect to 2”, there is a map h from X into 2” so 
that f = 9 0 h. We have only to observe that since f is an embedding, then so is h. 0 
Corollary 3.3. If X is k-ED then X can be embedded into a compact ED space of 
weight w(X)-hence X can be embedded into every compact ED space of weight at 
least w(X). 
Proof. Let X be a compact space which is embeddable into an ED space, hence X 
is a O-dimensional F-space. Koppelberg [8] showed that K = ICO(X)] = w(X) is an 
w-power, that is, K = K~ (for the case that X is BD this is shown in [3]). Balcar 
and Franek [l] have shown that every compact ED space of weight K contains a 
homeomorphic copy of every compact ED space of weight K. Therefore, since the 
weight of E(2”) is Ku, it suffices to show that X can be embedded into E(2”). This 
is exactly what is shown in Corollary 3.2. 0 
Corollary 3.4. If X is k-ED, then E(2”) is an AR of X for each cardinal K. More 
generally, zf T is an AR of the class of O-dimensional spaces then E(T) is an AR for 
the class of k-ED spaces. 
Proof. Suppose that X is k-ED and that E c X is homeomorphic to E(T), for 
some T which is an AR of the class of O-dimensional spaces. By Proposition 2.8, 
the usual map, cp from E onto T lifts to a map f from X to T. Since X is projective 
with respect to T, there is a “lifting” h off, i.e., there is a map h from X to E such 
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that cp 0 h =J: We check that h is a retraction. Recall that cp is irreducible (no proper 
closed set maps onto). Suppose x E E is such that h(x) f x; by the continuity of h 
at x, there is a clopen in X, neighbourhood W of x such that W n h [ W] is empty. 
We obtain a contradiction by showing that cp[E\ W] = T. Fix any ZE T and choose 
e E cp-‘(z). Since we are to show that z E cp[ E\ W] we may suppose that e E W. But 
then h(e)a Wand 
cp(h(e)) =f(e) = cp(e) = z 
which follows from the fact that f extends cp. 0 
A result which is in some sense dual to Corollary 3.3, is that if E(2”) is not an 
AR in the class of BD spaces then this is also witnessed by a BD space of the 
minimum possible weight. 
Proposition 3.5. If a compact space K is an AR for every compact BD space (respec- 
tively, O-dimensional F-space) of weight w(K)“, then K is an AR for the entire class 
of BD spaces (respectively, O-dimensional F-spaces). 
Proof. Assume that K is a subspace of some O-dimensional compact F-space X. 
For each UE CO(K), fix fin CO(X) so that fin K = U. Since CO(X) is WCC, 
there is a WCC subalgebra B of CO(X) of cardinality K~ which contains { fi: U E 
CO(E)}. (Indeed, for each (w, w*)-gap in { fi: U E CO(K)} add, to B, a member 
of CO(X) which fills the gap. Repeat this operation rcf times.) Let 9 be the ideal 
of members of B which are disjoint from K. By Stone duality, there is a map g 
from X onto Y = S(B) which is the identity on K (i.e., when K is identified with 
Y\{b*: b E $}, a homeomorphic copy of K in Y). By hypothesis, K is a retract of 
Y. By composing g with this retraction (and identifying the two copies of K), we 
obtain a retraction of X onto K. 0 
Remark 3.6. Corollary 3.4 implies the well-known result that PN is an AR for the 
class of k-ED spaces as /3N = E(T) where T is the converging sequence. Indeed it 
is easily shown that /3N is an AR of every BD space. It follows that PN is an AR 
of every space which can be embedded into a BD space. This is the device used by 
van Douwen and van Mill to show that it is consistent that FB fails to hold-they 
show that it is consistent that PN is not an AR for the class of compact O-dimensional 
F-spaces. It is quite remarkable that this is independent of the usual axioms-by 
Louveau’s result and Proposition 3.5 it follows from CH that PN is an AR for the 
class of compact O-dimensional F-spaces. 
Similarly the consistency of BE failing to hold is established in [5] by showing 
it to be consistent (hence independent) that E(2”) is not an AR for the class of BD 
spaces. 
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4. A universal BD space 
In this section we discuss an important (and universal) class of BD spaces. 
Definition 4.1. For a space X, the a-algebra of Baire sets of X, BW(X) is the 
a-subalgebra of 9(X) generated by the set of cozero subsets of X. Hence if X is 
strongly O-dimensional, it is generated by CO(X). We let ,Irx denote the ideal of 
meager sets in Be(X) and Nx the ideal of meager sets in P(X). Recall that a set 
is meager if it is a countable union of nowhere dense sets. 
Notice that ‘B,(X) is, in general, a proper subalgebra of the algebra of Bore1 
sets. It is an important theorem of Baire that for every Bore1 set 6, there is an open 
set U such that both b\U and U\b are meager (see [6]). This is the main idea 
behind the well-known fact that the quotient algebra-“the Bore1 sets mod the 
meager sets”-is isomorphic to RO(X). Similarly, the quotient algebra, ‘E?,,(X)/.Nx, 
is a very interesting object which has been studied in [13, 161. In the case that X 
is basically disconnected we have the Loomis-Sikorski theorem. This theorem states 
that every o-complete Boolean algebra is a quotient of a countably complete field 
of sets. The topological version of this states that every BD space is embeddable in 
a BD compactification of a P-space. 
Theorem 4.2 (Loomis-Sikorski). Let B be a u-complete Boolean algebra and let 
X = S(B) be its Stone space (or let X be a compact BD space and let B = CO(X)). 7hen 
(1) mm(X) is a countably complete$eld of sets which forms a base for X,, i.e., X 
equipped with the G,-topology. 
(2) S(B),(X)) is a BD compactification of X8. 
(3) B is isomorphic to %v(X)/.N%*,x,; more precisely, since B is a subalgebra of 
BLr(X), 
Bv(X)IJ%_,,, = B/K~+_~,,(= B/Nx = B). 
(4) X is homeomorphic to the P-set 
S@AW)\U {b*: b E .hr,<~x,l 
which is also a retract of S(BW(X)). 
Proof. Statements (1) and (2) are trivial. To prove (3), it clearly suffices to prove 
the following modification of Baire’s theorem: for each b E Bv(X), there is a 
U E CO(X) such that b and U only differ by meager sets. The proof is very clever: 
the family (6 E B,(X): there is a C E CO(X) such that bAC E %,} is a a-subalgebra 
containing CO(X), hence equal to am(X). The first half of statement (4) is the 
dual of the statement that Nx is a cT-complete ideal together with statement (3). 
The second half of statement (4) is really the dual of the statement that CO(X) is 
a subalgebra of ,%J,(X) in which JV”~ is the trivial ideal. If we identify X with the 
270 A. Dow, J. Vermeer 
above P-set then the retraction r from S(m,(X)) to X is simply that I(%) is sent 
to the unique point in n (% n CO(X)). 0 
If we apply the Loomis-Sikorski construction to a compact space X which is not 
BD, then it is no longer the case that the P-set in S(B3,(X)), which is dual to the 
quotient B3,(X)/Nx, is homeomorphic to X. It does not follow from the Loomis- 
Sikorski theorem that this P-set should be a retract of S(B3,(X)) (so far as we 
known, though, it has only been shown that it is consistent that it need not be a 
retract). In fact we will show that for the case X = 2”, this retraction question is the 
very heart of the BE problem as we will see in Theorem 5.7 and Corollary 5.8. 
Moreover, this special P-subset in this case is none other than E(2”). For the 
remainder of the paper we will use .,VK in place of NZx. 
Corollary 4.3. Bc(2K)/~K = R0(2”), hence 
E(2”) = S(B<,(2”))\U {b*: b E .nr,}. 
Proof. Just as in the proof of the Loomis-Sikorski theorem 
{b E Bv(2”): there is a U E RO(2”) such that bAU E ,Ir,) 
is a a-field of sets containing CO(2”). Since 2” is ccc every regular open subset 
contains a relatively dense cozero set. Therefore the function from RO(2”) to 
BXJO-(2“)/NK which takes U E RO(2”) to the equivalence class of its dense cozero 
subset is an isomorphism. 0 
Notation. Due to its important role in the rest of the paper we introduce some new 
notation to denote the Stone space of Bm(2”), namely BD(2”). Its properties with 
respect to the class of BD spaces will be in many ways similar to those of E(2”) in 
the class of ED spaces. Let us observe also that there is a natural map, $, from 
BD(2”) onto 2”. Again, for b E )XJU(2K) and b E 011 E S(BV(2”)) = BD(2”), 
$[b*]=6 and $(%)~h 
Furthermore as we see in the previous corollary, E(2”) sits naturally in BD(2”) (as 
a P-set). When we refer to E(2”) as a subspace of BD(2”) we shall mean under 
this embedding. That is, for UE RO(2”) c B3,(2”), U* (in the sense of E(2”)) is 
equal to the intersection of U* (in the sense of BD(2”)) with the above copy of 
E(2”). Therefore, the canonical map $ for BD(2”) is an extension of the canonical 
map 40 for E(2”) (hence $ is not irreducible). 
Notice that if X c Y and b E !-8,,(Y), then b n X E B,(X). This defines a natural 
homomorphism from Bc( Y) into Be(X). By the same trick as used in the proof 
of the Loomis-Sikorski theorem one can see that if X is compact then this is a 
surjective homomorphism. Therefore, by simple Stone duality, we obtain the follow- 
ing consequence of the Loomis-Sikorski theorem. 
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Theorem 4.4. If X is a compact subset of a compact space Y then the Stone space of 
%3C(X)/Nx is a subspace of the Stone space of $%3,(Y). Hence, zfX is a BD space, 
then X is a subspace of B3,( Y). 
Since the space 2“ is universal for compact O-dimensional spaces of weight at 
most K it follows from Theorem 4.4 that BD(2”) is universal for compact BD spaces 
of weight at most K. It is worth noting that, just as in the case for E(2”), the canonical 
mapping + is the identity on the above mentioned embedded copy of X. 
Corollary 4.5. Zf X is a BD space and f is any embedding of X into 2” then there is 
an embedding h of X into BD(2”) such that IJJ 0 h =f 
Proof. The canonical homomorphism from \BV(2K) onto !J3_(X)/.Nx which arises 
by applying Theorem 4.4 to the embedded copy of X-f [Xl-is the dual to the 
required embedding h. 0 
An obvious consequence of Corollary 4.5 is that all BD spaces are k-ED if and 
only if BD(2”) is k-ED for all K. However this can be improved somewhat as follows. 
Theorem 4.6. For an infinite cardinal K, each of thefollowing statements imply the next: 
(1) BD(2”) is k-ED. 
(2) BD(2”) can be embedded into E(2”). 
(3) all BD spaces of weight at most K can be embedded into E(2”). 
(4) all BD spaces of weight at most K are k-ED. 
Let us remark that if the cardinal K in the previous theorem were an w-power 
then the four statements are in fact equivalent. This is simply because both BD(2”) 
and E(2”) have weight K”. This motivates an interesting question. Are the four 
statements equivalent if one replaces weight at most K with weight at most K~ in the 
final two? This is really a more fundamental question in disguise. By the Balcar- 
Franek theorem, E(2”) does contain the space E(2(@)) (but not canonically). It 
then follows that the four conditions are equivalent if and only if BD(2”) contains 
the space BD(2’“w’). It is also interesting then to note that if it does not, then 
BD(2’“Y’) is not k-ED. Indeed, if BD(2’“w’) is k-ED, then it embeds into E(2’“-‘), 
hence into E(2”). 
5. BE and retractions 
In this section we combine the ideas of the previous two sections. If BD(2”) is 
k-ED, then by Corollaries 3.4 and 4.3, it is certainly the case that there is a retraction 
of BD(2”) onto E(2”). However one actually obtains a special kind of retraction. 
272 A. Dow, J. Vermeer 
Definition 5.1. A retraction r from BD(2”) onto E(2”) is a strong retraction if 
cp 0 r = $, i.e., the diagram commutes: 
BD(2”) 
I + I\ 
~50”) -2” V 
Theorem 5.2. If BD(2”) is k-ED, then there is a strong retraction from BD(2”) onto 
E(2”). 
Proof. Assume that BD(2”) is k-ED. By Theorem 3.1, BD(2”) is projective with 
respect to 2” (to avoid confusion, let us remark that the fact that E(2”) is also 
projective is not relevent). Recall that cp is a map from E(2”) onto 2” and that + 
is the natural map from BD(2^) onto 2”. By Definition 2.6, there is a map r from 
BD(2”) into E(2”) such that cp 0 r = I,!L It is proven in Corollary 3.4 that r is a retract 
onto E(2”). Since the diagram in Definition 2.6 is assumed to commute, it follows 
that r is a strong retract. 0 
Remark 5.3. The dual of a retraction r from BD(2”) to E(2”) is (essentially) a 
Bore1 lifting of the category algebra. That is 
h = rP’: RO(2”) = C0(E(2”))~@~(2”) = CO(BD(2”)) 
is a Bore1 lifting (see [7]). 
We know very little about the existence or structure of these strong retractions. 
Shelah [ 1 l] has shown that it is consistent that they do not exist even in the case K = w. 
Corollary 5.4 (see [5]). It is consistent that BD(2”) is not k-ED. 
On the other hand if CH holds then we have the following result. 
Corollary 5.5. [CH] If K = w, wl, then E(2”) is a strong retract ofBD(2”) and an 
AR for the class of compact O-dimensional F-spaces. 
Proof. If K is either w or wi (and CH holds) then by Louveau’s result, BD(2”) is 
k-ED. Therefore by Theorem 5.2, E(2”) is a strong retract of BD(2”). By Corollary 
3.4, E(2”) is an AR of each compact O-dimensional F-space of weight at most c. 
Finally, by Proposition 3.5, E(2”) is an AR for the entire class of compact O- 
dimensional F-spaces. q 
By our strengthening of Louveau’s result in the final section, Theorem 7.1, we 
have established the following. 
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Theorem 5.6. [CH] E(2”2) is a strong retract ofBD(2”~) and is an AR for the class 
of compact O-dimensional F-spaces. 
The notion of a strong retract provides us with an equivalent formulation of the 
BE problem. 
Theorem 5.7. For a cardinal K, each of the following implies the next: 
(1) BD(2”) is k-ED. 
(2) E(2”) is a strong retract of BD(2”). 
(3) Each compact BD space of weight at most K is k-ED. 
Moreover, if K = Ku, then the conditions are equivalent. 
Proof. Assume that E(2”) is a strong retract of BD(2”) and let X be a BD space 
with weight at most K. Let f be an embedding of X into BD(2”) as given by Corollary 
4.5, i.e., $0 f is an embedding of X into 2”. Let r be the strong retraction of BD(2”) 
onto E(2”), we claim that r 0 f is an embedding of X into E(2”). Since X is compact, 
it suffices to show that r is one-to-one on AXI. But this follows from the fact that 
cp 0 r = $ is one-to-one on f [Xl. 0 
Corollary 5.8. The following are equivalent: 
(1) Every BD space is k-ED. 
(2) For all K, E(2”) is a strong retract of BD(2”). 
Corollary 5.9. Let K be a cardinal such that K~ = K. Zf BD(2”) is k-ED, then E(2”) 
is an AR for the class of BD spaces. 
Question 5.10. Does the converse of the previous corollary hold. Equivalently, can 
we remove the word “strong” from Theorem 5.7. 
6. ED topologies on 2” 
In this section we consider methods of constructing ED topologies on 2”, that is 
ED strengthenings of the usual topology. An ED strengthening of the usual topology 
of course is simply a topology on 2” which is ED and contains the usual product 
topology (i.e., the identity function is continuous). There are indeed many such ED 
topologies, but our interests in them are motivated by the following result. It is an 
immediate consequence of Corollary 3.2 and the discussion below. 
Proposition 6.1. A subspace X of 2” is k-ED ifand only ifthere is an ED (strengthening 
of the usual) topology on 2” such that the subspace topology on X is unchanged. 
The problem then is to build ED topologies on 2” while maintaining some control 
of the behaviour on subspaces. It suffices to consider only minimal ED topologies 
on 2”. This follows from the following somewhat surprising result. 
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Theorem 6.2. The intersection of a chain of ED topologies on a set X is again an ED 
topology on X. 
Proof. Let S be a chain of ED topologies on a set X. Let U be a member of nz. 
For a set WC X, let IV= UTE+ clT( W). 
Claim. W- E nX for each WE nx. 
Proof of Claim. Let T E X be arbitrary. We must show that W-E T. Suppose that 
x E Wm. Fix T’E ZC so that x E cl,( W). If T’r T, then c17( W) E T’E T is a neighbour- 
hood of x which is contained in W . While if T c T’, then cl,(W) E T’ and 
clT( W) c W-. This finishes the proof of the Claim. 
Now, let U, = U and, by induction on (Y, define U, by U,,, = (U,)- and, for (Y 
a limit, U, = Up+ U,. Notice that, for any T E n3-, U, is T-closed for any cy 2 [XI+, 
hence it is clopen with respect to nx. It should be clear that U is nS-dense in 
U* for all (Y. Cl 
It is well known that any selection for cp gives rise to a natural ED topology. That 
is, let f be any injection of 2” into E(2”) with the property that f(x) E cp-‘(x) (hence 
cp 0 f is the identity on 2”). Since cp is irreducible and the image under cp off [X] 
is 2”, f [X] is a dense (hence ED) subspace of E(2”). Let TV be the weak topology 
on 2” generated byf: Clearly 71‘ is a strengthening of the usual topology. Furthermore, 
7f is an ED topology since f is injective, continuous and open. We have maintained 
at least some control with the topology q since the family {cl,(U): U E RO(2”)) 
is a base for 7,; RO(2”) will always denote the regular open subsets of 2” with the 
original toplogy. It turns out that all of the above three notions are the same. 
Proposition 6.3. Let r be an ED strengthening of the usual toplogy, r,,, on 2”. Then 
the following are equivalent: 
(1) r is a minimal ED topology strengthening of T,, , 
(2) the family {cl,(U): U E RO(2”)) forms a base for 7, 
(3) for each WE 7, the To-interior of W is dense in W, 
(4) 7 = Tf for some selection, f, for cp. 
Proof. Let (2”), denote the space 2” with the topology 7. Since P((2K),) is projective, 
there is a map f’ from (2”), into E(2”) such that cp 0 f’ is the identity and is continous 
as a map into 2” with the usual topology. Therefore f’ is a selection for p. The 
proof is to simply show that if any of the four conditions holds, then T = rf ,. To 
see that this suffices in the case that T= T,, just note that if TV were not minimal, 
we can proceed by first replacing it by any smaller ED topology and then finding f ‘. 
Now, since the identity map, cp 0 f ‘, is a continuous function from (2”, T) to 
(2”, Tf.), it follows that Tfsc T. If T is minimal then obviously, 7 = TV,. In each of the 
other cases, the family {cl,(U): U E RO(2”)) forms a base for T. Therefore it suffices 
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to show that cl,(U) E r,, for an arbitrary U E RO(2”). But now, cl,,,(U) E r since 
rfV is ED and contained in T. Therefore cl,.( U)\cl,( U) is a r-open set which has 
empty r,-interior. It follows from each of the last three conditions that this set is 
empty. Cl 
The existence of strong retractions discussed in the previous section is equivalent 
to the existence of very special ED topologies on 2”. 
Proposition 6.4. The following are equivalent: 
(1) E(2”) is a strong retract of BD(2”), 
(2) there is a minimal ED topology T on 2” with the property that cl,(U) E BLr(2K) 
for each U E R0(2”), 
(3) there is a minimal ED topology r on 2” such that 
‘B,(2”, T)) = ‘B,(2”). 
Proof. Suppose that r: BD(2”)- E(2”) is a strong retract. Recall that (2”)s is a 
dense subspace of BD(2”), i.e., the set of fixed ultrafilters. We identify, as sets, 2“ 
and (2K)S. Then, since r is a strong retraction, r: (2”)6- E(2”) is a selection for cp. 
Let r = rr. Fix U E RO(2”); we must show that cl,(U) E B,,(2”). Since r[(2”),] is 
dense in E(2”), it follows that the closure of r[c17( U)] in E(2”) is the clopen set 
U” (recall that E(2”) is the Stone space of RO(2”)). Also, by definition of T, r is 
an embedding, hence U* n r[2”] = cl,( U). Now apply that r is also a retraction 
from BD(2”) = S(BV(2<)) onto E(2”) to find a b E %3,(2”) such that 
b” = r-‘( U*) = F’(cl,( U)). 
Hence, via our identifications, it follows that b = c17( U). 
Now suppose that T is a minimal ED topology on 2” such that cli( U) E BJCT(2K), 
for each U E RO(2”). The retraction r is simply the dual of the homomorphism 
which sends U to cl,(U) for each U e RO(2”). 0 
In the spirit of the Loomis-Sikorski theorem there is a slight generalization of 
Proposition 6.1. 
Theorem 6.5. Let (2”), be an ED strengthening of the usual topology. Suppose that 
X is a subspace of 2” with the property that 
b n X/jx E CO(X)/& for each b E C0((2K)J. 
Then X can be embedded into an ED space. 
Proof. Obviously, CO(X)/J?“~ (as a subalgebra of ~(X)/J?~) is isomorphic to 
CO(X). The hypotheses of the theorem assert that there is a homomorphism of the 
complete Boolean algebra CO((2”),) into CO(X). Since X is a subspace of 2”, the 
range of this homomorphism, say B, contains a base for X (we are not assuming 
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that X is compact). By Stone duality, S(B) is a subspace of the ED space P((2K)e) = 
S(CO((2”))). Since B was a base for X, X is homeomorphic to a (dense) subspace 
of S(B). 0 
There’s an interesting class of selections discovered independently by Balcar and 
Simon [2], Kunen, and Shelah. Fix any 9&, E E (ZK) such that cp( “Ilo) is the constantly 
0 function. Let + denote coordinatewise addition on 2”. For each x in 2”, 
g(x)={U+x: UEQo}. 
It is easily checked that cp 0 g is the identity function on 2”. The very important 
property of these liftings is that each U E C0((2K)e) has “countable support” in 2”, 
i.e., there is a countable set A, such that U = ni’[r,J U]]. To see this, first notice 
that g[ U] is a clopen subset of a dense subset of E (2”), hence has clopen closure 
in E(2”). Therefore there is a WE RO(2”) such that W* is equal to the closure of 
g[ U]. The main point now is that the support of W in 2^ is equal to the support 
of cl,,c,*,( W) = u. 
Because of this, the previous theorem “works” for any X which is a P-space (but 
it’s not immediately apparent what compactification you’ll get). For example see 
[2,4,14]. We have another application. It was shown by van Douwen and van Mill 
that if Martin’s axiom (MA) holds and 2” = w2 then there is an example of an 
F-space compactification of a P-space of cardinality and weight w, (in fact the 
discrete space) which cannot be embedded into a BD space. 
Theorem 6.6. MA implies that ifX is a BD compactijcation of a P-space P such that 
w(P) < c, then X is k-ED. 
Proof. Let X be embedded into 2” (for some K) and let (2”), be an ED strengthening 
of the usual topology such that each clopen set has countable support. Since X is 
BD, it suffices to show that the condition in Theorem 6.5 holds. Fix U E CO((2”)J 
and consider U n X. Let A be the countable support of U and 
E,=vA[UnP] and E,=T~[P\U]. 
Since P is a P-space, w(P) <c, and ~TA’( e) E CO(P) for each e E E, u E,, it follows 
that 1 E, u E,I < c. By a well-known consequence of MA (see [ 15]), there is a countable 
sequence {F,,: n E w} of closed subsets of 2*, such that 
EocU F,, and E,ni._. F,=@ 
n n 
For each n, Z, = ri’[ F,,] n X is a zero set of X. Since X is BD and P is a dense 
P-space, Z,, has clopen interior and Z,, n P is dense in this interior. Therefore, 
U n P = IJ, Z,, n P has clopen closure, say C, in X. Note that P n int, ( U n X) is 
dense in C. We claim that U n X differs from C by a meager subset of X. Clearly 
C\U is meager. We apply the same argument as above to the complement of U to 
find a clopen subset C’ of X in which P\X is dense. Since P is dense in X, 
C’= X\C. Clearly U n C’ is meager, hence U\C is meager. 0 
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We end this section by giving an inductive construction of minimal ED topologies 
of 2”. This construction will be our main tool in the final section. 
Lemma 6.7. Suppose that r is a topology on a set X and that 7’ is the topology generated 
by r u { 0) for any set U E 7. Then for each WE T’, the r-interior of W is +-dense in W. 
Proof. First simply observe that the subspace topologies inherited by each of U, fl 
and X\u are the same with respect to both 7 and 7’ (even i? is unambiguous). 
Therefore, since U is a dense open subspace of l?, it follows that Wn U is dense 
in W n lI?. Now simply observe that ( Wn U) u ( W\ r/) is r-open and +-dense in 
W as required. 0 
Lemma 6.8. Suppose that r, is a topology on X and let { U, : CY < p} be any well-ordered 
sequence of open subsets of X. Let, for LY s p, the topologies r,, be recursively dejined 
by: 
(1) for a a limit, T, is generated by IJ {TV: p < a}; 
(2) for each a <p, TV+, is generated by TV u {cl,,( U,)}. 
Then each nonempty r@-open set has nonempty To-interior, which is, therefore, relatively 
rF-dense. 
Proof. For any set WC X, let p denote the To-interior. We prove, by induction 
on (Y, that if W is T,-open then W” is T,-dense in W. Observe that it suffices to 
prove that it holds for every member of a base for TV,. 
For (Y = 0 there is nothing to prove. If (Y is a limit ordinal then the statement 
holds for every member of the base U {TV: p < a}. So suppose the statement holds 
for (Y and we prove it for cu+l. Fix WEAL,,,. By Lemma 6.7, the To-interior, W,, 
of W is T,+, -dense in W. Furthermore, by induction, W”, c W” is r,-dense in W,,. 
Clearly W\cl,+,( W”,) h as empty T,-interior, hence, by Lemma 6.7 again, it must 
be empty. 0 
Corollary 6.9. Suppose that r0 is a regular topology on X and let {U,: (Y < p} be an 
enumeration of RO(X). Let the topologies (7,: a s p} be constructed as in Lemma 
6.8. Then the family 
I+( U,): a < PI 
is a clopen base for the ED topology, TV. 
Proof. Let W be any open subset in (X, TV). By Lemma 6.8, the To-interior, W”, is 
r,-dense in W. Also, W” is a dense subset of a unique To-regular open set, say U,. 
By construction, cl,( U,) is in T,+, Furthermore, cl,( U,)\cl,( W”) is a TP-open 
set which has empty To-interior. Therefore, by Lemma 6.8, it is empty, that is the 
two closures agree and are clopen in TV. It follows that every set has clopen closure 
in TV. Since T, is regular, it follows, by induction on (Y <p that each 7, is regular. 
Therefore (X, TV) is an ED space and so it has a base of clopen sets. If W is taken 
to be clopen, then W = cl,_( U,). 0 
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We record one more interesting consequence of the above construction. 
Corollary 6.10. Suppose that X is an ED space and T is the usual product topology 
on X x Y for some space Y. Suppose that r’ 3 r is a topology such that every +-open 
set has a +-dense r-interior. Then for each WE r’, the projection of W onto X has 
clopen closure in X. 
Proof. Let W” be the r-interior of W. Note that rrx[ Wo] is open in X and dense 
in rx[ W]. Now apply that X is ED. 0 
Remark 6.11. There are minimal ED topologies on 2” which cannot be obtained 
by this construction. Indeed, simply observe that cl,( U,) is a T,-compact set. 
7. Embedding F-spaces of weight w2 
In this section we improve Louveau’s CH result by proving that it follows from 
CH that every compact F-space of weight w2 can be embedded into an ED space. 
The proof is quite similar to Fremlin’s proof of Mokobodski’s theorem, [7]. 
Theorem 7.1 (CH). Suppose that X is a compact F-space with weight w2, then for any 
embedding of X into 2”~ there is an ED topology, (2”2),, in which the topology on X 
is unchanged. 
Proof. Let X be a closed subspace of 2w2 which is an F-space. In order to construct 
the ED topology on 2w2 as required, we will simply define an enumeration {U,: (Y E 
w2} of R0(2”‘2) and apply (the construction in) Corollary 6.9. To ensure that the 
topology on X is unchanged, it will clearly suffice to choose U, in such a way that 
~l,~( U,) n X is clopen in X. We will have to choose the lJ, carefully but we also 
need a well-ordering of RO(2”z) in advance. Let {R,: p < w2} be any enumeration 
of RO(2”z). Let Z(X) and Cz(X) denote the set of zero sets and cozero sets 
(respectively) of X. For any subset S of 2”* and any A < w2, we say that the support 
of S is contained in A, if S = rr* [ S] x 2w2mh = T:‘[ T~[S]]. Similarly, for S c X, we 
say that S has support in X contained in A, if X n S = X n rr* [ S] x 2w~Ph. 
An easy counting argument which follows from CH yields the following two 
claims. 
Claim 1. For each t_~ < w2, there is a A < w2 such that 
(1) if U, V are disjoint cozero subsets of n,[X], then there is a clopen subset, C, 
of 2-2 with support contained in A such that 
Xnr,‘[CJ]cC and Cn(Xn7r,‘[V])=@, 
(2) {RP: p < A} contains all the regular open sets which have support contained in A, 
(3) every member of {R,: p <p} has support contained in A. 
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Claim 2. For each t.~ < w2, there is a A < w2 such that 
(1) P<AA, 
(2) the space T~[X] = X, c 2” is an F-space; 
(3) {Re: p <A} is an enumeration of all the regular open sets which have support 
contained in A. 
Indeed, we simply choose A to be the supremum of any increasing sequence 
{P u: (Y <w,} such that, for each cr, p.,,, is chosen to be the A given in the previous 
claim for p = p,. 
Therefore we may fix a sequence {A a: (Y < 02} c w2 of limits of cofinality w, so that 
(1) for any (Y, A, <A,+,; 
(2) for (Y with cofinality w,, A, = l._{AP: p < cu}; 
(3) the set mJX] c 2”- is an F-space; 
(4) {R,: j? < A,} is an enumeration of all the regular open sets which have support 
contained in A,. 
For any ordinal 6 < 02, if the sequence {U,,: y < 6) has been chosen, then let rs 
denote the topology on 2”~ which is obtained by applying the construction in Lemma 
6.8 on the sequence { U,: y < S}. Fix an (Y < w2 and suppose that for each p < (Y the 
sequence {U,: y < AP} has been chosen. Our induction assumptions are: 
(1) as sets (without the enumerations) {R,: y < Ap} = { U,: y < Ap}, hence for 
y < A,, U, has support contained in A, (i.e. see condition (4)); 
(2) for each y< A,, clTy( U,,) n X is a clopen subset of X. 
Claim 3. If f3 < cy, then there is an ED topology eP on 2hp such that rAs is just the 
product topology on (2”p, ep) x 2WzPhp. 
Proof of Claim 3. The topology eP is simply the topology obtained by applying 
Lemma 6.8 to the space 2’~ with the sequence { rrAhg[ U,]: y < AP}. Since this sequence 
is a listing (with repetitions) of R0(2”6), it follows from Corollary 6.9 that eP is an 
ED topology. Since, for each y < A,, U, = TT~~[ U,] x 2W2-h@, the fact easily follows 
(by induction on y), 
More generally, let us observe that if p and A are such that U, has support 
contained in A for each y<p, then 
{ruJ+[ Ul: u E T/J 
is just the usual topology on 2”‘-*. Since the terminology is a bit cumbersome it 
may be useful to restate Corollary 6.10. 
Claim 4. Suppose that the sequence {U,: y < t.~} has been chosen and let WE rP and 
let A, < p. Then the projection n-AThp[ W] has clopen closure with respect to eP. 
Let A = lJ {A,: p < cy}. We describe how to choose the sequence {U,: A 5 y <A,}. 
If (Y has uncountable cofinality, there is nothing to do. If (Y has countably infinite 
cofinality, fix a sequence {(Y,: n E w} cofinal in cr. If (Y is a successor, then, for all 
n, let LY,, = p where p + 1 = CK For the sake of notation, let A,,, be denoted by A,, and 
also let the topology eh,, be denoted by e,,. 
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If (Y is a successor we assume that A + w1 G A, and this follows from condition 
(4) in the other case. For y an odd ordinal in w,, choose U,,, so that (as 
unenumerated sets) 
{U*+y: Y an odd ordinal in w,} = {R,: y < A,}. 
By induction on y < w1 (y even) we will choose U,,, as in the induction hypotheses 
so that, in addition, U,,,,, will already have clopen closure in T~+~+~. This will 
guarantee that the induction hypotheses (i.e., the second) will hold for U,,,,, as 
well. 
Fix an even ordinal y E o, and suppose that U,,,, has been chosen for 6 < y. Fix 
a countable set AC A, such that I/ = U,,,,, has support contained in A, i.e., 
U = T,‘[T~[ U]]. Let { Wk: k E w} be an enumeration of the countable Boolean 
algebra (of T*+,,- clopen sets) which is generated by {BE CO(2”2): B has support 
contained in A} together with the family {cl,&+,( U,,+&): 6 < y}. Let r denote the 
topology rA+r. 
Claim 5. Both int,cl,( U) and the complement of cl,(U) are equal to unions of 
countably many clopen members of r. 
Proof of Claim 5. Let -U denote the complement of the rO-closure of U. By 
symmetry it is enough to prove the claim for the r-interior of the r-closure of U; 
i.e., the same proof with -U replacing U proves the claim for the second case. 
Recall that, by Lemma 6.7, the r-interior of the closure of U is the same as the 
complement of the r-closure of -U. 
For each pair of integers, n, k, observe that, by Claim 4, v~,~ [ W, n - U] has clopen 
closure in 2”,2 with respect to e,. Let On,k be the complement of this closure. Therefore 
n;,‘[ O,,,] is clopen in T and v;,‘[ O,,] n W, n - U is empty. Therefore the following 
statement also follows. 
Claim 6. If 0 E T, has support contained in A,, and is such that 
rrJ 0] n W, n - U is empty, 
then 0 c K’[ O,,]. 
We finish proving Claim 5 by showing that 
int,[cl,( WI = U (~h,f[%kl n WA. 
0 
Recall that T is generated by 
u IT*,,: nEW}u{Wk: kEw} 
u {B E CO(2“‘z): B has support disjoint from A,}. 
Clearly the interior of cl,( U) is a union of basic r-clopen sets with support contained 
in A. Fix such a T-dOpen set W. It follows that W can be expressed in the form 
0 n W, where k < w and, for some n, 0 is in T,, and has support contained in A,. 
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Since 0 n W, c cl,(U), it follows that 0 n W, is disjoint from -U. By Claim 6, 
0 c K’[ On,k], hence 
W c K’[ O,,,] n W, 
as was to be shown. 
Let C = X n int,cl,( U) and Z = X n cl,( U). By Claim 5 and our second induction 
hypothesis, C E Cz(X) and Z E Z(X). By condition (3) on A,, there is a BE CO(2w2) 
with support contained in A, such that C c (B n X) c Z. Let 
u A+,=[UnB]u[(-U)n-B]. 
Two things remain to be checked: 
clTAtr( K+,) n X E CO(X) and clThiy+,( K+,+J n X E CO(X). 
In fact: clTA+?( U,,,) contains X and 
cl IA+r+l( K+,+J n X = cL~+~+,( u) n X = B n X. 
We show this by considering the complementary subspaces B and -B. 
The intersection of X with the r-closure of U is Z and B n X is contained in Z. 
Therefore, in each of the topologies r = rAtv and rAhty+, , the closure of U n B is 
equal to B n X. Furthermore, U,,,,, = U and U,,, n B = U n B. Hence the closures 
of u,+, n B and U,,,,, n B (in r, r,,+,,, or TV+,,+,) are both equal to Bn X. 
Similarly, the intersection of X with the closure of -U is the complement of C 
and -B contains the complement of C. Therefore the closure of U,,, n -B is equal 
to (-B)nX. This completes the proof that the T,,+.,,-closure of CJ,,, contains X. 
But now, U = U,,,,, is disjoint from the r,+,+,-clopen set cl,+,( Uh+?n -B). 
Therefore its r A+,+,-closure is disjoint from X n -B. This completes the proof that 
the r,+,+,-closure of U,,,,, is B n X E CO(X), which also completes the proof 
of the theorem. 0 
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